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Abstract. In the context of the static and spherically symmetric solution of a charged compact object, we present 
the expression for the bending of light in the region just outside the event horizon - the dyadosphere - where 
vacuum polarization effects are taken into account. 
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1. Introduction 

The magnitude of the velocity of light described by ef- 
fective nonlinear electromagnetic theories depends on the 
field dynamics. Such dependence implies an effective mod- 
ification of the flat background metric into a curved one, 
which is accentuated when gravity processes are taken into 
account. The most famous examples of these aspects are 
the well known implications of QED in curved spacetimes. 
The weak field limit of the complete one loop QED is 
known as the E uler-Heise nberg Lagrangian (Heisenberg 
and Euler 1936 , Schwinger 1951 ) which yields several im- 
portant results such as, t he phe nomen on of birefringence 
(Biru la and Birula 197C , Adler 1971 , De Lorenci et al. 
200C ) , which describes the distinct velocity of light prop- 
agation for each polarization direction. There are many 
works dealing with the applications of nonlinear electro- 
dynamics, especially, concerning its coupling with a grav- 
itational field. In this context, Drummond and Hathrcll 



consequences for the trajectories of light rays that cross 
it. In this work, we analyze the consequences for the phe- 
nomenon of light bending when vacuum fluctuation effects 
are taken into account. Under such conditions, the paths 
of light do not follow the usual geodesic of the gravita- 
tional field, so it is necessary to consider the effects of the 



modified QED vacuum (Drummond and Hathrcll 1980 



Dittrich and Gics 1998, De Lorenci et al. 200C, Novello et 



(198C) showed the possibility of super luminal velocities in 
certain spacetime configurations. Other interesting cases 
can be found in Novello et al. ( 1989] ), Daniels and Shore 
( |1994| ), Latorre et al. J1995D and Shore ( |1996| ). 

Recently, Ruffini (199?) and also Preparata et al. 



(1998) called our attention to a special region just out- 
side the horizon of charged black holes where the electric 
field goes beyond its classical limit, implying a situation 
where effects of vacuum fluctuations should be considered. 
They called such region the dyadosphere. Assuming the 
existence of such a region, we could consider the possible 



al. p000| ). 

In section U we perform the coupling between nonlinear 
electrodynamics and gravity. We calculate the correction 
for the Reissner-Nordstron metric from the first contri- 
bution of the weak field limit of one loop QED. In sec- 
tion m we present the light cone conditions for the case 
of wave propagation in the Reissner-Nordstron spacetime 
modified by QED vacuum polarization effects - the dya- 
dosphere region. Finally, in section ||, we derive the field 
equations for such a situation and evaluate its contribu- 
tion to the bending of light. Some comments on lensing 
effects arc presented in the appendix. 



2. The minimal coupling between gravitation and 
non-linear electrodynamics 

The Einstein gravitational field equation is given by 



(1) 



where k is written in terms of the Newtonian constant G 
and light velocity c as k = 87rG/c 4 . 
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Let us consider a class of theories denned by the gen- 
eral Lagrangian L — L(F), where F — F^ V F^ V . The cor- 
responding energy momentum tensor has the form 



-Lg^v + A:LpF^ a F v a 



(2) 



where Lp denotes the derivative of L with respect to F. 
By considering minimal coupling of gravity to nonlinear 
electrodynamics, we obtain the following equations of mo- 
tion, besides Einstein equations (Gj), 



(L F F^) 







F >w \\v = 



(3) 
(4) 



where double bar (||) represents the covariant derivative 

with respect to the curved background g^, and F ^ is the 
dual electromagnetic tensor. For the static and spherically 
symmetric solution, the geometry is 



ds 2 



A{r)dt 2 - A(r) _1 dr 2 - r 2 d6 2 - r 2 sin 2 9 dip 2 



(5) 



where A(r) is determined by the field equations. We set 
the only non zero component of the electromagnetic tensor 
to be F 01 = f(r). Thus, the combined system of electro- 
magnetism and gravity, equations (|l|), (Q) and (Q), reduces 
to the set 



r dMr)_ + A(r) =1 + K p L + 4r 2 jLi?/(r)2 ] 



Or 
L F f(r) 



4r 2 ' 



(G) 
(7) 



We arc interested in the analysis of the weak field limit 
of the complete one- loop approximation of QED, given 
by the effective Lagrangian (Heisenberg and Euler 1936, 
Schwinger 1951) 



C 



F 



i 

8^ 



ds- 



e 2 s 2 G Re cosh y/2e 2 s 2 (F + iG) 2e 2 s 2 F 
4 Imcosh v / 2e 2 s 2 (F + iG) 12 



- 1 



where G = F^F^ . In the limit of low frequency v << 
m e c 2 /h one obtains the Euler-Heisenberg Lagrangian 



L = — F 
4 
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G' 



with 



2a 2 
45m 4 



(9) 



(10) 



Since we only consider the electric component of F^ 
there is no contribution due to the invariant G. Using 
Lagrangian (|^) , the integration of equation (^) is 



A(r) = 1 



2m 



dr 



7W 



3 M r 2 /(rf 



(11) 



where, in order to set the value of the first constant of 
integration, we have assumed the Schwarzschild solution 



in the limit of vanishing charge. Calculating the function 
/(r) from equation (ffl) in the appropriate order of approx- 
imation O(fi), one gets 



a Q 3 



(12) 



Introducing this result in equation ( pd[ ) we finally obtain 
the expression for A(r): 



. , > 2m 

Air) = 1 

r 



kQ 2 K[iQ A 
~2^ 



5r b 



(13) 



The Reissner-Nordstron case arises from this solution for 
the limit case n = 0. Equations (||) and ([l3|) yield the cor- 
rect form of the spacetime geometry taking into account 
the one-loop QED in the first order of approximation. 

Since ( |l3| ) is an approximation, it cannot be applied to 
the cases for which 1 /r 6 ~ 1/r 2 . Thus the contribution of 
the last term in this equation is negligible for two reasons: 
/i is very small and 1/r 6 << 1/r 2 . 

In the next sections, however, it is shown that, due 
to the non-linearity of the electrodynamics in the dya- 
dosphere, there will be an additional correction which is 
comparable to the Reissner-Nordstron factor in terms of 
the radial variable. 

One might want to investigate the effect of this metric 
on the gravitational lensing of light propagating in the 
vicinity of a charged compact object. In the appendix we 



apply the formalism developed by Frittelli et al. _( 2000| ) to 
the background spacetime defined by equation (|£ ) . 



3. Light cone condition 

In the case of nonlinear electrodynamics, e.g., Euler- 
Heisenberg effective theory, the wave propagation will suf- 
fer a correction due to vacuum polarization effects. Such 
correction is usually presented in terms of a light cone 
condition, which in our case, is given by 



( 8 ) k a k? 



(14) 



It is worth mentioning that there will be two different 
modes of propagation, one for each polarization direction 
(De Lorenci et al. 200C). Here we will deal only with the 
mode present in equation (pT[). 

Condition (0) can be presented in a more appealing 
form as a slight modification of the background geometry 



Lp 



0. 



(15) 



This property allows us to introduce the concept of an 
effective geometry (Novello et al. 2000) such that 



Lp 



(16) 



for which k^ is a null vector. Hence, we can use the previ- 
ous method to derive the bending of light in the presence 
of vacuum polarization effects due to nonlinear electrody- 
namics. Using such a definition, k^ is a null vector in the 
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effective geometry. It can be shown that the integral curves 
of the vector k v are geodesies. In order to accomplish this, 
an underlying Riemannian structure for the manifold as- 
sociated with the effective geometry will be required. In 
other words, this implies a set of Levi-Civita connection 
coefficients r Q M „ = r Q „ M , by means of which there exists a 
covariant differential operator (the covariant derivative), 
which we denote by a semi-colon, such that 



9 ; A = 9 , A r 1 a \9 + 1 (j\9 — U. 



(17) 



From ( |l7| ) it follows that the effective connection coeffi- 
cients are completely determined from the effective geom- 
etry by the usual Christoffel formula. 

Contraction of equation ( |l7j ) with k^k v results 

(18) 



Differentiating g^k^k^ = 0, we have 
2k^ x Kg^ + k^g^, x = 0. 
From these expressions we obtain 



(19) 



(20) 



Since the propagation vector fc M = S.^ is a gradient, one 
can write k^ \ = k\. ^. Thus, equation (^o|) reads 



(21) 



which states that fc M is a geodesic vector. Since it is also 
a null vector in the effective geometry g^ v , it follows that 
its integral curves are therefore null geodesies. 



4. The influence of QED on the trajectory of light 

Taking the Lagrangian and setting the only non-zero 
component of electromagnetic tensor to be F 01 = /(r), it 
follows that 



F = -2/(r) 2 
T - M 



(22) 
(23) 
(24) 



Since we are analyzing the spherically symmetric and 
static solution of a charged compact object, we set the 
components of the background metric to be the same 
as the ones presented in equation (||). Thus, the non- 
vanishing components of the effective metric g^ v ', up to 
terms quadratic on the constant /i, are 



9 11 
9 22 
f 3 



A{r)- l [l- 
-A(r)[l-\ 
9 22 



-8nf(r) 2 } 
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(25) 
(26) 
(27) 
(28) 



where A(r) is given by (|l3|). In what follows we will con- 
sider only the stronger term arising from quantum cor- 
rections. All other terms will be neglected. The function 



/(r) is calculated from the equations of the electromag- 
netic field, and its value is set by equation (jl^). Using 
these results we obtain the line element: 



?2 



1 



8nf(r) 2 ] [A(r)dt 2 - A(r)- X dr 2 



r 2 d0 2 -r 2 sin 2 9d(p 2 . 



(29) 



From the variational principle, the following equations of 
motion are obtained: 



[l - 8^/(r) 2 ] A(r)i = constant = h Q 
constant = l Q 
hi 



r 2 ip 



f 2 = 



ljA(r) 



[1 - 8///(r) 



r 2 [1 - 8uf(r) 2 



(30) 
(31) 

(32) 



In these equations dots mean derivatives with respect to 
parameter s, and we have adjusted the initial conditions 
6 = 7r/2 and 6 = 0. Performing the change of variable 
r = 1/v and expressing the derivatives with respect to the 
angular variable <p we obtain from pn)-(|3T 



1 



A(r)v 2 



l 2 [1 - 8///(r) 2 ] 2 1 - 8nf( r y 



(33) 



where v' = dv/dip. In the required order of approximation, 
functions A(v) and f(v) are given by 



f(v) = Qv 2 
A(v) = 1 — 2mv - 



kQ 2 v kuQ 4 v 



4, ,6 



(34) 
(35) 



Thus, taking the derivative of equation (|33|) and using the 
above results, it follows that 



3mv 



32^f<3) kQV+0(m> 4 ).(:;<m 



This shows that the contribution coming from QED is 
of the same order of magnitude as the classical Reissner- 
Nordstron charge term. One should notice that equation 
([56]) could also be d erived using the formalism developed 
by Virbhadra et al. ( |l998| ). 

5. Conclusion 

In this work we investigate the bending of light in the dya- 
dosphere, a region just outside an event horizon of a non- 
rotating charged black hole, in which the electromagnetic 
field exceeds the critical value predicted by Heisenberg 
and Euler. In such region the propagation of light is af- 
fected not only by the gravitational field, but also by the 
modified QED vacuum. We show that by considering ef- 
fects due to QED, the modified metric in the first order 
of approximation is given by equation ( |2^ ) . 

We also show that the contribution from this effect 
appears in a significative order in terms of the radial vari- 
able. Indeed, it is of the same order of the charged term 
that arises from Reissner-Nordstron solution. Equation 
( |36"1) shows that the correction term depends on both the 
ratio ho/lo and the charge Q. Thus, for photons with the 
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same frequency propagating in the dyadosphere, the effect 
will be stronger for those whose trajectory is closer to the 
center of attraction. 

Since we obtained a contribution coming from QED 
of the same order of magnitude as the classical Reissner- 
Nordstrom charge term, an interesting extension of this 
work could be studying gravitational lensing effects for 
the metric presented in equation (|29|). It is also worth 
analysing the effects arising from the magnetic field due 
to the rotation of a charged compact object. 
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Appendix A: Comments on lensing effect 

Some interesting references about the lensing effect can 
be found in Virbhadra et al. (1998), Kling and Newman 
019990 , Frittelli etal. ( |2000D and Kling et al. fll999p . Kling 
and Newman (1999), for instance, investigated aspects of 
light cones in the Schwarzschild geometry, making connec- 
tions to gravitational lensing theory and to th e so-c alled 
'null surface formulation'. Later Frittelli et al. (|200CD pro- 
posed a definition of an exact lens equation without refer- 
ence to a background spacetime and developed a formal- 
ism, which is then applied to the Schwarzschild solution. 

Following this formalism, the exact gravitational lens 
equation in the framework of the metric (ra) is given by 



Q(l,l ,l p ) = ± 



dl 



io ^/P p A(l p )~PA(l) 



dl' 

yfljA(l p ) - V 2 A{V) 



(A.l) 



In the above equation, 0(/, l Q , l p ) is the angular position 
of the source with respect to the direction defined by the 
observer and the lensing object (the optical axis) and 
I = l/\/2r is the inverse radial distance. It follows that 
l = l/\/2r and l p = 1/V2r p , where r and r p are, re- 
spectively, the position of the observer and the minimum 
distance between the light path and the lens. As usual, 
the origin of the coordinate system is the position of the 
lens. 

A generic point in the light path is given in spherical 
coordinates by 



tan<^> 



— cos O cos 8 + sin 8 a sin cos 7 (A. 2) 

smtp sin# — tan0(cos</? o SU17— sinip COS7 cos# ) 
cosy sin0 o +tan0(sin(^ o sin7+cos</? COS7 cos# ) 

(A.3) 



The coordinate 7 is the azimuthal angle of the light path 
with respect to the optical axis and the observer is located 
at (ip ,9 ). 



Applying equation (A.l) to the function A{r) derived 
in ( p"3| ) it follows that there is no significant contribution 
from QED to the lensing effect for the same reasons dis- 
cussed at the end of section ||. 
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